We present the results of the analytical evaluation of the massless four-loop O(α 3 s ) correction to the correlator of the quark scalar currents and the Higgs decay rate into hadrons. In numerical form we found (in MS scheme) that Γ(H → bb) = 3G F 4 √ 2π
Introduction
In the Standard Model (SM) one physical scalar Higgs boson is present as a remnant of the mechanism of mass generation. Particularly interesting for the observation of the Higgs boson with an intermediate mass M H < 2M W is the dominant decay channel into a bottom pair H → bb. ( Standard Model properties of the Higgs boson have been discussed in many reviews; see for example [1, 2] ). The partial width Γ(H → bb) is significantly affected by QCD radiative corrections. First order α s corrections including the full m b dependence were studied by several groups [3, 4, 5, 6, 7] . Second order corrections were calculated in the limit m due to the Yukawa coupling, corrections were obtained for otherwise massless quarks in Refs. [8] and for a nonvanishing mass of the virtual top quark in Ref. [9] (both results are confirmed in Ref. [10] ). Subleading corrections in the m 2 b /M 2 H expansion were found in Ref. [11] and also confirmed in Ref. [10] . In the latter work an additional quasi-massless (and numerically important) contributions of order α 2 s have been identified and elaborated. They come from so-called singlet diagrams with a non-decoupling top quark loop inside (similar effects for the decay of the Z-boson to quarks were first discovered in [12] ). The results of Ref. [10] have been confirmed and extended by computing extra terms in the expansion in M 2 H /m 2 t in Ref. [13] . In this work we compute the next-next-to-leading massless correction of order α 
Preliminaries
We start with considering the two-point correlators
Here
is the scalar current for quarks with flavour f and mass m f , which are coupled to the scalar Higgs bosons. The total hadronic decay rate of a scalar Higgs boson is naturally expressed in terms of the absorptive part of the correlator (1)
as follows [3, 4, 5] :
Assuming that the Higgs boson mass M H is less then 2m t and much larger than m b , we shall treat correlators (1) within the massless five-quark QCD. (In fact, even in the limit of heavy top the Higgs boson coupling with the current J S t still contributes to Γ H ; we shall ignore these effects in our work. For a recent discussion see e.g. Ref. [14] .) Under such an assumption the nondiagonal correlators Π S f f ′ with f = f ′ vanish identically while the diagonal correlators get flavour independent, that is
The renormalization mode of the polarization operator Π S (Q 2 ) reads (see, e.g. Ref. [15] )
where a s = α s /π = g 2 /(4π 2 ), g is the strong coupling constant; Z m is the quark mass renormalization constant. Within the MS scheme [16] 
and the coefficients Z SS q ij are just numbers, with D = 4 − 2ǫ standing for the space-time dimension. As a result we arrive at the following renormalization group (RG) equation for the polarization operator Π S (Q 2 )
or, equivalently, (L Q = ln
Here the anomalous dimensions γ SS q (a s ) and γ m (a s ), and the β-function β(a s ) are defined in the usual way [17] [18] [19] [20] . As we shall see later both problems are eventually reduceable to calculation of a specific class of diagrams representing some massless Feynman integrals (FI) depending on only one external momentum (to be named p-integrals below) and with the number of loops not exceeding three. Note that this is in an obvious disagreement with a statement from Ref. [11] about the inevitable necessity to compute finite parts of four-loop p-integrals in order to find the O(a 3 s ) contribution to R S (s). Yet, we agree with the author of Ref. [11] that if such a point were correct it would certainly preclude, at least at the present state of the art, any possibility of analytical calculation of R S (s) to order α 3 s .
Calculation of Π

S
In order α 2 s the polarization operator Π S is contributed by twelve three-loop p-integrals. Such a calculation is now to be considered as almost trivial one because of three facts:
a There is an elaborated algorithm which provides a way to evaluate analytically divergent as well as finite parts of any three-loop dimensionally regulated p-integral [21, 22] .
b The algorithm is reliably implemented in the language of FORM [23] as the package named MINCER in Ref. [24] .
c The package has been extensively tested and a chance of a bug in it seems to be very small.
We have computed the Π S 0 to α 2 s using the general gauge with the gluon propagator
On performing the renormalization according to eq. (3) we have obtained the following result:
Here a s = α s (µ)/π, C A and C F are the Casimir operators of the adjoint and quark (defining) representations of the colour group; T is the normalization of the trace of generators of quark representation T r(t a t b ) = T δ ab ; n f is the number of quark flavours; d[R] is the dimension of the quark representation of the colour group. Note, that all the Q-dependent terms in (9) are in agreement with the results of [8] . The independence of (9) from the gauge parameter ξ is of course expected on general grounds.
Calculation of the anomalous dimension γ SS q
There is about a hundred of diagrams contributing to Π S in order α 3 s . According to (3), to compute γ SS q one should determine the UV counterterms (that is essentially divergent parts) of all the corresponding four-loop p-integrals. Unfortunately, at present there exists no way to compute directly the divergent part of a generic four-loop p-integral.
The only available (unfortunately rather involved) approach to perform such calculations analytically is to use the method of Infrared Rearrangement (IRR) discovered by A. Vladimirov in Ref. [25] (see also Refs. [26] ). The method simplifies calculation of UV counterterms by the effective use of the following important theorem: in a class of minimal renormalization schemes (including MS-and MS-ones) any UV counterterm has to be polynomial in external momenta and masses [27] . It amounts to an appropriate transformation of the IR structure of FI's by expanding the latter in a formal Taylor series with respect to some external momenta and masses, with resulting FI's being much simpler to calculate.
The method of IRR was significantly extended with elaborating a so-called R * -operation in Refs. [28, 29, 30] . By an explicit construction of the corresponding algorithm, it has been shown in Ref. [29] how to reduce calculation of the UV counterterm for an arbitrary (h+1)-loop FI to evaluation of divergent and finite parts of some appropriately chosen h-loop p-integrals.
It should be stressed that the R * -operation is absolutely essential for the algorithm to work in general case, though in most (but not in all) practical cases one could proceed without it. However, such a practice forces the use of a diagram-wise renormalization procedure; the latter, being very difficult to perform by a computer, implies a huge amount of highly error-prone and time-consuming manipulations with hundreds of diagrams.
For instance, the only QCD four-loop problem performed by now is the evaluation of the ratio R(s) = σ tot (e + e − → hadrons)/σ(e + e − → µ + µ − ) to order α 3 s . It was done in Refs. [31, 32] within the diagram-wise renormalization approach. The core of the problem is the calculation of the four-loop contribution to the photon anomalous dimension entering into the RG equation for the photon polarization operator. The initial 98 four-loop diagrams contributing to the photon polarization operator proliferate to about 250 after the IRR procedure is applied. In addition these diagrams contain about 600 various subdiagrams which should be computed separately in order to subtract UV subdivergences.
Technically, the calculation of γ SS q is obviously very similar to that of the photon anomalous dimension. Consequently, any attempt of straightforward repetition of those calculations for the case of the scalar correlator would mean a few man-years of routine and boring work and, thus, would be not acceptable for the present author.
Below we will use, instead, the power of the R * -operation and simplify the application of IRR to the problem so far that both UV and IR renormalizations can be done in a global form and, consequently, can be simply performed by computer.
We begin with from the Dayson-Schwinger equation for the correlator (1) written in the bare form
Here G 0 and Γ 0 S are the full quark propagator and the scalar current vertex function respectively; below the integration with respect to the loop momentum p with the weight function (4π) 2 (2π) D will be only understood but not explicitly displayed. 1 For simplicity we set the ′ t Hooft-Veltman unit of mass µ equal to 1 below.
The renormalized version of (10) reads
Here Z 2 is the quark wave function renormalization constant; Z S is the renormalization constant of the scalar quark current defined as
where the current inside squared brackets is the renormalized one. A well-known equality Z S = Z m Z 2 implies the equivalence of (3) and (11). From the finiteness of the renormalized correlator one gets
where K ǫ f (ǫ) stands for the singular part of the Laurent expansion of f (ǫ) in ǫ near ǫ = 0 and δZ S = Z S − 1. In Eq. (12) we have let a Dalambertian with respect to the external momentum q act on quadratically divergent diagrams to transform them to the logarithmically divergent ones. We also have introduced an auxiliary mass dependence to a quark propagator -the one entering into the "left" current J S -by making the following replacement
Note, please, that the auxiliary mass dependence has caused somewhat more complicated structure of UV renormalizations in the right hand side of Eq. (12) . The idea of the method of IRR is quite simple: since the renormalization constant Z SS q does not depend on anything dimensionful one could significantly simplify its calculation by nullifying the momentum q in Eq. (12) . The only requirement which must be respected is the absence of any IR singularities in the resulting integrals. Unfortunately, a mass introduced to a propagator distinguished by some topological property like the one we created above is not always sufficient to suppress all IR divergences in all diagrams. For instance, if q = 0 then there appear completely massless tadpoles in the second term on the rhs of Eq. (12) . Thus, the eq. (12) with q = 0 is not valid unless the unwanted IR poles are all identified and subtracted away. This is certainly the job the R * -operation was created for! The rules of Ref. [29] spell how to do it on the diagram-wise level. The only remaining problem is to disentangle the relevant combinatorics and put down the IR subtractions in a global form. The task is facilitated by the fact that, as shown in Ref . [30] the IR counterterms for an arbitrary diagram can be determined in terms of some properly chosen combination of the UV ones. The final formula incorporating all necessary UV and IR subtractions reads
Here, by δΓ 0 S (p, q, a 0 s ) we denote the vertex function of the scalar current with the tree contribution removed. The "tilde" atop S again means that in every diagram the quark propagator entering to the vertex J S is softened at small momenta by means of the auxiliary mass m 0 according to Eq. (13). The bare coupling constant a 0 s is to be understood as a s = Z a a s , with Z a being the coupling constant renormalization constant. To our accuracy in a s
Finally, an inspection of (14) immediately shows that, in order to find the (n + 1)-loop correction to Z SS q , one needs only to know the renormalization constants Z SS q , Z 2 and Z m to order a n s as well as the bare Green functions
up to (and including) n-loops. Thus, we have obtained a general formula for Z SS q in terms of bare p-integrals with explicitly resolved UV and IR subtractions.
Results and discussion
We have computed with the program MINCER [24] the unrenormalized three-loop Green functions (15) as well as the renormalization constants Z m and Z 2 to order a 
and (7, 8) and read
At last, the coefficients s 1 , s 2 and s 3 are found to be
We observe that neither γ Numerically, the correction of order α Table 1 ).
